Abstract-Characteristics of coplanar transmission lines on multilayer substrates expressed in analytic formulas have been obtained using conformal mapping. The accuracy of these formulas has been verified experimentally on a variety of coplanar transmission lines using differential electro-optic (DEOS) sampling. For coplanar waveguides, the theory differs from the experiment by less than 3% % %; for coplanar striplines, the differences are less than 6% % %.
However, all these analytic formulas are useful only for the transmission lines on substrates with a single dielectric layer. In practice, there are many circumstances in which the substrates are multilayer. For example, in integrated circuits, connection lines are either on or buried between dielectric layers. To date, only full-wave analyses on multilayer substrates have been reported [16] - [18] . In this paper, conformal mapping is used to derive the analytic formulas for CPW's and CPS's on multilayer substrates. The accuracy of these formulas is then verified experimentally on a variety of CTL's using differential electro-optic (EO) sampling (DEOS).
II. THEORY
In this section, conformal mapping is applied to obtain the characteristics of CPW and CPS transmission lines in the form of analytic formulas. The validity of conformal mapping in transmission-line analysis fully relies on the assumption that the propagation mode in the transmission lines is quasistatic, i.e., it is a pure TEM mode. As pointed out before, quasi-static approximation is valid up to a frequency of 100 GHz [18] . Moreover, frequency-dependent (nonquasi-static) formulas can be obtained easily by modifying the quasi-static formulas [19] - [21] .
Using the quasi-static approximation, the effective dielectric constant , phase velocity , and characteristic impedance, , of a transmission line are given as [9] (1)
where is the speed of light in free space, is the line capacitance of the transmission line, and is the line capacitance of the transmission line when no dielectrics exist. Therefore, in order to obtain the quasi-static wave parameters of a transmission line, we only have to find the capacitances and . The configurations of the CTL's used for the analysis are shown in Fig. 1(a) and 1(b) , i.e., CPW and CPS transmission lines sandwiched between two top and three bottom dielectric layers. The concepts developed in this section, however, are not limited to these structures-more layers can be added. In the following analysis, we assume that the transmission lines are infinite thin and the dielectrics are infinite wide. Correc-0018-9480/97$10.00 © 1997 IEEE tions can be made when the thicknesses of the transmission lines and widths of the dielectrics are finite [9] , [22] .
A. Wave Parameters of CPW's
The Veyers-Fouad Hanna approximation (superposition of partial capacitances) [13] is extended to our case, in which the line capacitance of the CPW shown in Fig. 1(a) can be written as the sum of six line capacitances, i.e.,
The configurations of these capacitances are shown in Fig. 2(a)-(f) . We will discuss the definition of each capacitance in more detail later. The capacitance calculated using the method of superposition of partial capacitances is exact when all the boundaries of the dielectrics are along the electric field lines. In this case, magnetic walls can be placed along the dielectric boundaries, and the capacitance of a transmission line can be divided into partial capacitances without affecting the field [22] . In a CTL on a multilayer substrate, however, the dielectric boundaries are not along the field lines, and the accuracy in application of the superposition of partial capacitance has to be verified experimentally. Although Veyers-Fouad Hanna's approximation has been proven to be quite accurate for the transmission lines on single-dielectric-layer substrates [13] , [18] , its accuracy for multilayer substrates is still unknown, and will be the subject of Sections III and IV. 1) Calculation of : As shown in Fig. 2(a) , is the line capacitance of the CPW in the absence of all dielectrics. This boundary problem can be solved using conformal mapping [13] , which gives (5) where is the complete elliptical integral of the first kind, and . The variables and are geometrically dependent, and are given as
2) Calculation of : The configuration of is shown in Fig. 2(b) , in which the electrical field exists only in a dielectric layer with thickness of and relative dielectric constant of . Using conformal mapping [13] , we have (7) where (8a) (8b)
3) Calculation of , , , and :
, , , and are, respectively, the line capacitances when the electric field exists only inside the dielectric layers with thicknesses of , , , and , and relative dielectric constants of , ,
, and
Using the method demonstrated in Section II, we obtain (9) (10) (5), (7), and (9)- (12) into (1) results in (14) Using (2) and (3), we have
where and are given by (6) . For a CPW on a substrate with a single dielectric layer, , and (14) becomes (17) which is the equation given by Veyres and Fouad Hanna [13] . If the substrate can be considered as infinitely thick, i.e., , then and the effective dielectric constant is given as (18) where is the dielectric constant of the substrate.
B. Wave Parameters of CPS's
The configuration of the CPS used for the analysis is shown in Fig. 1(b) . Using Veyers-Fouad Hanna's approximation, the line capacitance of the CPS transmission line can be written as (19) Each capacitance has the same meaning as that of the CPW's except for the geometrical difference.
Line capacitance , the capacitance when all the dielectrics do not exist, can be calculated using Schwartz transformations [23] . The result is given as (20) where and Although conformal mapping can also be used to calculate , the obtained formulas, as pointed out by Ghione [14] , give incorrect results, especially when the thickness of a dielectric layer is smaller than the dimensions of the transmission line's cross-section. However, under the quasi-static condition, the phase velocities of complementary lines are equal (Babinet's principle, see [24] ). Noticing that a CPS is complementary with a CPW of which the ground wires are infinite wide, the effective dielectric constant of the CPS can then be obtained by taking in (17) , which gives (21) where (22) Using (1)- (3) and (20), we have 
For a CPS on a single-layered substrate, , and the effective dielectric constant is (26) which is Ghion's formula [14] .
C. Simplification
The obtained formulas are given in the form of complete elliptical integrals of the first kind, which are difficult to calculate even with computers. They can be simplified using the approximations given by Hilberg [25] , in which the ratio is given as for and (27a) The errors of these approximations are less than 0.3%. More accurate formulas can also be found in Hilberg's paper.
III. EXPERIMENT
A DEOS system has been used to measure the group velocities in CTL's on Si and SOI (Si-on-insulator) substrates. The setup of the system and its operation principle have been reported elsewhere [26] . What a DEOS system measures is the delay time in line section of a transmission line, which is sandwiched by the substrate and the EO probe (Fig. 3) . Therefore, there are two top dielectric layers (contributed by the EO probe) and one or three bottom dielectric layers (contributed by the substrates) involved in the measurements.
Delay times in three types of transmission lines were measured: 1) CPW's on Si; 2) CPS's on Si; and 3) CPS's on SOI. Transmission lines were fabricated using photolithography and liftoff. The widths of the ground and center wires of the CPW's were 100 and 13.5 m respectively, spaced by 10.5 m. The conducting wires of the CPS's were 19 m wide, spaced by 10 m. All wires were made of 30/220-nm-thick Ti/Au metals. The Si substrate was from an -type lightly doped Si wafer with a thickness of 550 m. The 550-m-thick SOI substrate was from a commercial wafer-bonded SOI wafer with a 2.2-m-thick buried oxide (BOX) layer. The top Si layer (active layer) of the SOI substrate was thinned to 5-10-nm thick using thermal oxidation and high-frequency (HF) wet etch.
The DEOS system has an EO probe with a 24.0-m-thick LiTaO (dielectric constant ) and a 3.7-mm-thick fused-silica base . The effective area of the probe is 200 200 m . The probe is in contact with the transmission line during the experiment, which has been ensured by checking the interference patterns generated between the surfaces of the probe and the transmission line. The rising time and full width at half-maximum of the electrical pulses generated by the pump beam were, respectively, 400 fs and 50 ps for the transmission lines on the Si substrate, and 400 fs and 10 ps for the transmission lines on the SOI substrate.
The DEOS system has a delay-time resolution of 30 fs and spatial resolution of 1 m, which allows one to measure signal delays in a very short line length. Thus, the dispersion and absorption caused by the transmission line and the EO probe are minimized in the measurements, resulting in a very small pulse-shaping effect. The dispersion of the system has been found to be 0.3 fs/ m. Therefore, the variation in delay time caused by dispersion will be less than the time resolution of the system if the length of the measured transmission line is kept within 100 m. Under this condition, the measured group velocity is close to the phase velocity in the transmission line. The absorption of the system has been measured to be 7% within a 200-m line length. Fig. 4 shows the measured delay times in the CPW on Si versus the signal propagating distances. The data show an excellent linearity indicating that it is close to the quasistatic value. The average group velocity calculated from the experimental data is 0.604 10 cm/s. For comparison, the theoretical delay time calculated using (14) and (15) is also plotted in the figure. Parameters used for the calculation are listed in Table I . Since the thickness of the transmission line (0.25 m) is much smaller than the line dimensions, it is ignored in the calculation. On the other hand, since the thicknesses of the bottom Si and fused-silica layers are much larger than the line dimensions, they have been considered to be infinite to facilitate the calculations. The theoretical group velocity is 0.588 10 cm/s, differing from the experimental value by less than 3%. It should point out that, due to the loading effect of the EO probe, these velocities are about two times smaller than that when the EO does not exist [26] .
IV. RESULTS AND DISCUSSION
Figs. 5 and 6 show, respectively, the measured delay times versus the signal propagating distances in the CPS's on the Si and SOI substrates. Excellent linearities have also been observed. The average group velocities calculated from the experimental data are 0.623 10 and 0.645 10 cm/s for the CPS's on the Si and SOI, respectively. Theoretical values calculated using (21) and (23) and parameters listed in Table I are also plotted in these figures. The theoretical group velocities are, respectively, 0.597 10 and 0.609 10 cm/s in the CPS's on the Si and SOI, with deviations from the experimental values less than 5% and 6%. Both the theory and experiment have indicated that the phase velocity of a transmission line on SOI is larger than that on Si. This is because the dielectric constant of the BOX in SOI is smaller than that of Si, which reduces the effective dielectric constant of the transmission line.
The deviation between the theory and experiment is slightly larger in the case of CPS than in CPW, presumably because more air exists inside the gap between the EO probe and the substrate of the CPS. Fig. 7 shows the phase velocity of a CPS on an SiO /Si substrate as a function of the oxide thickness, calculated using (21) and (23) . As the oxide thickness increases, the phase velocity also increases until the thickness of the oxide is comparable with the dimensions of the transmission line's cross section. At this point, the field only "sees" the oxide layer-the bottom Si layer has no contribution to the effective dielectric constant of the transmission line. For an oxide thickness of 2 m, the phase velocity is about 10% larger than that without the oxide. When the oxide thickness increases to 100 m, the increase in phase velocity reaches its maximum value of 58%.
V. CONCLUSIONS
We have obtained wave parameters of coplanar transmission lines expressed in analytical formulas using conformal mapping. The accuracy of these formulas is verified experimentally using differential EO sampling. For a CPW transmission line on an Si substrate, the theory differs from the experiment by less than 3%; for CPS transmission lines on Si and SOI substrates, the differences are less than 5% and 6%, respectively. Our calculation also shows that the phase velocity in a CPS on an SiO /Si substrate with oxide thickness of 2 m is 10% larger than that on an Si substrate. This difference can increase to 58% if the oxide thickness becomes 100 m.
